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Abstract 



> _ 

Properties of Green's functions may be derived in either first or second quantisation. 
We illustrate this with a factorisation property for propagators in arbitrary spacetimes, and 
apply it to scalar fields in AdS space. 

O 

in 

O ■ General results 

Consider D + 1 dimensional spacetime with metric g^t^ and let be the Laplacian, 

= --^aa V55"''36. (1) 



Suppose we have a region V of spacetime bounded by a surface dV. Let be a solution to 
Poisson's equation in V, 



■ V'(i>{x) = p{x) yx&v 



for some function p. Let G be a Green's function for Poisson's equation obeying 

which holds for z, q both within and in some neighbourhood of V and the boundary, then 
we have 

(l>ix)\/'^G{x, z) - G{x, z)\/U{x) = (l>{x)5{x - - G{x, z)p{x). (2) 

Integrating both sides over V and applying Green's theorem gives 

J dy G{y,z)-^<l,{y) - <j,{y)^G{y, z) 
av 

— J dxy^g[x) (j>{x)S{x — z) — J dx\/g{x) G{x, z)p{x) 

V V 
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where dy is a measure on dV and d/dn is the normal derivative on the boundary, 



dn dx^^ 



(3) 

av 



Now choose z £ V and let 4>{.^) = G{q,x) for some 5 ^ 1/, so that p(a;) = 5{x — q) which 
vanishes in our integration range. Substituting in the above we find 



/ 



dyG{q,y)-^G{y,z) = G{q,z). (4) 

av 

where >. A simple extension shows that the derivation above also holds when 

(j) and G are a solution and Green's function of the Helmholtz equation + = p, 
rather than Poisson's equation. As applied to a scalar field theory this implies that the 
field propagator may be factorised. This result, in certain situations, also applies to the 
propagator of bosonic string theory, and has been applied to the construction of the vacuum 
wave functional and investigating T-duality [5| 

It is interesting to note that this property can be derived from considering first quantised 
particles. The off-shell free space propagator from the point Xi to the point Xf may be 
written as a sum over all paths from Xi to Xf equipped with all possible worldline metrics 

G{xf;x,) = fvix, e) g- Jo' dj^S (±-±/(2e)+™V2) (5) 

The path is parameterised by ^ and a;(0) is the point Xi, x{l) the point Xf. The intrinsic 
metric e transforms as a (0,2) tensor, 

e(6^(f)V), 

so the propagator is manifestly reparametrisation invariant^. This is the particle analogue 
of the Polyakov integral in string theory. 

Now, with reference to the preceding second quantised discussion, consider a particle 
path from z £ V to q ^ V . The derivation of the property Q begins with the simple 
observation that at some point the path must cross dV at some (intrinsic, not physical) 
time. This implies the sum over all paths defining the propagator can factorised so that 
formally 



^ g-lcngth z^q = ^ I ^ g-longth z^y) \l ^ ^ 



^-length y-*q) 

paths 2 — >q y paths z — >y paths y — >q 

where y £ dV . To make this factorisation explicit, insert into @ a resolution of the identity. 



jd^'VW) J{x)5{F{x(^'))) (6) 

where F{x) — defines the surface dV. This delta function has support for any path x'^{^) 
as we have described, e is here an arbitrary worldline metric which will soon drop out. 



^The over counting of equivalent paths is removed by dividing by the volume of the space of reparametrisations, 
we will not repeat the explicit evaluation of the integrals as this is well documented, see for example 
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Taylor expanding F{x) the Jacobian J which makes the insertion unity is easily found to 
be 



J ■- 



S{a=(5))=0 



Note that this Jacobian is reparametrisation invariant. Taking the integral over ^' outside 
and distinguishing between worldline times earlier and later than the x'^ integrals in the 
propagator can be written 



dx''(^')JS{F{x)) 



e>€' 



n h^^'i^) 



Integrating over the delta function gives 

J 



/ 



'\\/F\ 

dV dV 



exp - E s[xm ~ E S[xm 

V e<e' «>«' y 



dy 



We can write d^x(^) as a two sided derivative 

d,x^iO = hm -^i^' + h)-x^ii'-h) 

which splits the path integration into a pair of terms of two products, one of which has an 
insertion. Everything is invariant under reparametrisations of the worldline and so have no 
explicit ^' dependence, the integral over which gives a finite volume, leaving 

Go^Udyf D(.,e) !L£ime-«W / D(.,e) e'^^ 

^ J J \/e(Cfinal) J 

dV 



av ^ 



n.i:(Cinitial) ^-S[3:] 



(7) 



It can be seen from an integration by parts in the action that the insertions of the Jacobian 
can be taken outside the integrals as derivatives with respect to boundary data, 

or with an overall plus sign for the initial time, recovering the result Q. 



Example - AdS space 

Let us give an explicit example which may be of interest. Since its proposal [S| there has been 
huge interest in studying the correspondence between string theory in anti-de Sitter space 
and its holographic dual conformal field theory on the boundary (0 for a comprehensive 
review). A variety of new approaches to studying the correspondence have recently been 
employed (see for example |S] and Berkovits' approach |12| gives a quantisable 

action for the superstring in AdS space times a compact manifold, with Ramond Ramond 
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flux, but the complexity of the action makes hard work of calculating scattering amplitudes 

mm 

Given the difficulties of string calculations in anti-de Sitter space, it is worthwhile to 
pursue unconventional approaches. We believe the factorisation property discussed plays 
a crucial role in defining the radial dependence of scalar fields in AdS, much as we found 
for time evolution in fiat space [5] Translation invariance simplified the flat space 

calculations so we do not expect our Feynman diagram arguments to be so simple in AdS, 
but we can derive the essential property. 

We will represent Euclideanised anti-de Sitter spacetime as the upper half space a;" > 
with metric 

ds^ = -^(dx^dx^ + dxMx') —: Aahdx'^dx'' , 
x'^ 

/ -, \ D+l (8) 
Aix") :=DetA,6= (—] 

where i = 1 . . . D and x^ is the 'radial' direction. For a scalar field of mass m define 



V = ^^/iP/A^+rn? , then the scalar field propagator which vanishes on the boundary of the 
spacetime (compactified R^) is, labelling the final and initial values of x^ as r/ and ri 
respectively [HI [IHl, 

GAds(r/,x^;r„x,) = - j {r snf'\'^'''^-f-^'> K,{\^r f)h{\^n) (9) 

when Tf > ri and the Bessel functions and K^, |19| are exchanged otherwise. Now let V 
be the space a;" < r, let z — {ri,Xi) and let q{rf,Xf ) with rf > r > rt. Our general result 
implies that the propagator factorises as 

GAds(?-/,x/;ri,Xi) = (d°yA{r) (r^-^GAds{rf,Xf;r,y)\GAdsir,y;ri,y<.i) 

^ ^ (10) 



- GAds(j-/,x/;r,y)|^r —GAdsir,y;ri,Xi) 

To prove this directly is a simple matter. Inserting the explicit representation of the prop- 
agator @ into the right hand side of llOI I we find 

- / ^^MlT^^^f-^^"'" e--(-/-)e--(— )7^.(|k|.,)/.(|p|n) 



X r'-^^'\ A-,.(|p|r)^r"^"J4|k|r) - L{\k\r)^r^^ ' K.{\p\r) 
( or or 

The integral over y gives a momentum conserving delta function which allows us to do the 

integral over p, say. For brevity write s = jkjr and the result of these integrations is 



%irfr,.f^' e-"'-(''/--»)i^.(|kir,)/.(|kirO 



(12) 



(2^) 
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plus two terms coming from the derivatives of s^/'^ which cancel. We require the final line 
of the above to be unity in order to recover GAdS- Applying the Bessel function properties 

m 

— s'Iv{a) = s'Iv-\{s), —^s'Kv{a) = —s'Kv-\{s), (13) 
the final line of 11211 becomes 

sU-^{s)K,{s) + sU{s)K,-^{s) = 1, (14) 

a standard Bessel function identity for unity, leaving 

" / (Cp^''^'"'^''^' e-*'(-/"-''if.(!klr,)/41klrO ^ GAds(r/, x^; r., x.). (15) 

We have proven IIUII . For < r < the right hand side of IIOII picks up a minus sign. 
These results also hold in the limit in which r/ = r or r = r^. 

In the AdS/CFT correspondence translations in the bulk radial direction correspond to 
conformal transformations in the boundary field theory. Since the correspondence holds 
between scalar field theory in AdSo^i and conformal field theory on I2UI . there is an 
opportunity to study how our results relate to a holographic description in terms of scaling 
of operators in the boundary conformal field theory. Toward this end we note that our 
results hold for the propagator 

GE(»"/,x/;ri,Xi) := GAds(»-/, x/; Xi) 

/.(|k|e) (16) 



+ 



^(|kk) 

considered in IT8 which vanishes not on the spacetime boundary but on the near-boundary 
surface a;" = e and is used to regulate boundary divergences when investigating the confor- 
mal field theory. 
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